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This investigation has employed artificial neural network (ANN) modeling to describe the complex rela-
tionship between the forced cycling parameters and the reactor performance during periodic operation
between propane steam reforming and CO,—carbon gasifying agent. Experimental data from our labo-
ratory were assessed against different ANNs and based on a 2-way ANOVA treatment of various error
indices, a two-hidden layer network with 5 neurons emerged as the best model for both descriptive and
predictive purposes. Cycle split has the most significant (85%) positive effect on the improvement in H,
and CO production and the appearance of resonant peaks while cycle period appeared to have detrimental

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Hydrocarbon steam reforming over Ni-based catalyst for H, or
syngas production is industrially carried out using excess steam
to avoid unwanted coke deposition [1]. The latter ultimately leads
to poor reactor performance due to catalyst deactivation. In order
to minimize energy costs (associated with steam generation) and
improve reactor operation, CO, may be used as a carbon gasifier
[2]. This has the added advantage of reducing overall greenhouse
gas (GHG) emissions from the reforming plant. In a recent study [3],
we demonstrated that periodic composition cycling as illustrated
in Fig. 1, between the CO, gasifying agent (C;) and propane steam
reforming feed (C,) has significant benefits in terms of increased
syngas yield, tailored H,:CO ratio suitable for downstream con-
version in a gas-to-liquid (GTL) fuels plant and superior catalyst
stability and longevity.

The time-average rate behaviour with respect to cycle frequency
was characterized by resonant peaks depending on the cycle split
(symmetry) employed. Modeling of periodically operated reactors
is a multifarious exercise strongly reliant on the choice of reaction
mechanism. Mihail and Paul proposed adsorption/desorption mod-
els [4] which Jain et al. [5,6] latter rejected as inadequate to explain
the resonance effects seen in their experimental studies for SO, oxi-
dation. Other attempts at providing mechanistically based models
to describe the complex phenomena observed during forced cycling
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of catalytic reactors have also been met with mixed success. Indeed,
Silveston et al. [7] have indicated that adsorption/desorption type
models cannot accurately capture the nonlinear behaviour often
implicated in periodically operated catalytic processes. However,
optimal control of the forced cycling reactor requires a reliable
model of its performance in order to harness the benefits (improved
product yield and selectivity) associated with this dynamic opera-
tion. In this work, we have taken an artificial neural network (ANN)
approach which does not require detailed understanding of the
reaction mechanism. In particular, ANN permits the utilization of
fewer latent variables which contain inherent information about
the process. Indeed, ANN models are significantly more potent
in capturing the process attributes with higher predictability and
better description than multivariate data analysis as espoused by
Bulsari [8].

Although a detailed mechanistic basis for this nonlinear
behaviour is presently unavailable, a parsimonious model for pro-
cess optimization may be secured via ANN analysis of existing data.
ANN is a mathematical analogue of how the human brain recog-
nizes and reproduces cause-effect relational patterns upon training
(multiple-input-multiple-output systems). The ANN modeling of
complex nonlinear behaviour or pattern in chemical engineer-
ing systems has been reported [8-13]. Even though nonlinear
estimators like Holographic Research Strategy (HRS) and Genetic
Algorithm (GA) are available, Tompos et al. [14] reported the
robustness of these methods only after securing the relationship
between the composition-activity of the catalysts via ANNs in their
study. Moreover, they found that the predictive ability of the ANNs
assisted in the enhancement of both HRS and GA methods to iden-
tify the optimized catalyst composition. The aim of the present
work is to procure an ANN model to describe and predict the non-
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Fig. 1. Operating variables during forced cycling of a reactor.

linear dependency of key reaction metrics on cycle parameters
(frequency and split) during periodic composition cycling between
propane steam reforming feed and CO,, a carbon gasifier without
recourse to formal mechanistic details. In particular, since ANN is
a mathematical imitation of the biological neural data processing
operation, optimization of the network architecture used in this
study was patterned after the Fibonacci search strategy which has
meaningfully captured the behaviour in many natural ecosystems
[15-17]. Moreover, the integer nature of optimum number of neu-
rons in an ANN lends itself better to a Fibonacci-type algorithm
rather than a continuous function-dependent method.

2. Theoretical basis and numerical procedure
2.1. Data scaling

The input variables were taken as the cycle period and split
(fraction of the period spent under CO, feed for carbon gasifica-
tion). In view of the difference in units, magnitude and range of the
input variables, each variable needs to be rescaled so that values
fall within the interval [0.01, 0.99]. The transformation was carried
out using:

X—m

X= Mom (1a)
where X is the rescaled variable, with M and m chosen such that:
Xmin — M _ Xmax —M

M = 0.01 and Y B 0.99 (1b)

where X,;, and Xmax are the minimum and maximum values of the
original variable, x respectively. The variables in the output vector,
H,, CH4 and CO were also similarly rescaled.

2.2. Methodology to select optimum neurons and architecture

The performance of an ANN is strongly dependent on the
number of neurons employed and the network architecture. For
instance, a simple feed-forward network with supervised learn-
ing algorithms such as back-propagation algorithm is competent in
learning the relationship between the given inputs and targets for a
nonlinear process data set [8-13]. Thus, a systematic procedure to
optimize the number of neurons for building the multilayer feed-
forward neural network to map the input-target relationship of the
given data set is critical to the overall modeling exercise. The num-
ber of weights required to capture a reliable relationship between
a given input and output is directly proportional to the number
of neurons. ANN being a mimicry of the biological nervous system
would be more appropriately optimized if the number of neurons
were chosen in a manner that is patterned after natural evolu-
tionary systems. Interestingly many naturally occurring networks

(e.g. in forestry, microbiology and river systems—delta formation)
containing optimum nodal points are known to be described by
the Fibonacci sequence [15-17]. Consequently, it seems logical to
derive the number of neurons in our ANN simulation of the opti-
mal catalyst design using members of the Fibonacci series [18]. To
the best of our knowledge, this is the first appropriation of the
Fibonacci search strategy in ANN simulation of either chemically
reactive systems or artificially contrived proceesses. The numerical
procedure was carried out in MATLAB Neural Network Toolbox™
version 7.8.0.347 (R2009a) and may be summarized as:

Step 1: The MATLAB Neural Network Toolbox random data divi-
sion function was used to partition the 34 data cases into 24, 5 and
5 for training, validation and testing of the networks respectively.
A three-layer architecture (input, hidden and output layers) was
considered with different artificial neural networks (ANNs) aris-
ing from variation in the number of neurons in the hidden layer.
A tangent sigmoid transfer function was used for the neurons in
the hidden layer. The number of neurons in the hidden layer for
each ANN was chosen as terms of the Fibonacci series to introduce
optimality in both the number of ANNs and computational effort.
The total number of neurons required to obtain excellent model
adequacy of an empirically fitted approximation and the ratio of
number of neurons in the hidden layer to the number of data cases
has to satisfy two opposing criteria detailed in Haykin [19] and
Barron [20], namely:

(a) Accuracy of best approximation—the size of the hidden layer, Ny,
must be as large as possible in accordance with the universal
approximation theorem and

(b) Accuracy of the empirical fit to the approximation—the ratio of
the hidden layer size to number of training data cases, N, i.e.
Npi /Ny must be small.

In order to accommodate both criteria, we adopted the rule of
thumb, 1 < Ny/N: <10 [9]. Given that N; is 24 for this study, ANNs
with 0,1, 1, 2,3, 5, 8, 13, 21, 34, 55, 89, 144 neurons in the hidden
layer were chosen (total of 11 ANNs since the 2nd and 3rd ANNs
with 1 neuron each, are mere repetitions while the 1st ANN with 0
neurons is physically inadmissible).

Levenberg-Marquardt algorithm was used to train each net-
work based on the randomly selected 24 data cases. The random
data division function was called 1000 times (cycles) to pick differ-
ent combinations of the training, validation and testing data sets
from the total data pool in each cycle. Thus, each of the 11 ANNs
was trained 1000 times with different data set combinations result-
ing in a total of 11,000 trained, validated and tested ANNSs. In this
study after each cycle, i.e. for every ANN trained, after the entire
training procedure was completed (R-square value > 0.92 in nearly
all cases), the weights and biases were used to simulate the net-
work using all inputs (34 data cases) from the data set while the
resulting output from the network after simulation and the targets
from the data set were used to calculate the performance of the
networks which was evaluated by different error indices, namely:

N
Sum-of-squared error (SSE) = Z(yg —ts)? (2)
s=1
1 N
2
Mean squared error (MSE) = NZ(yg’ —ts) 3)
s=1

(4)
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N
1
Mean absolute error (MAE) = Nz:uy‘s’ —tg]| (5)
s=1

Mean absolute percentage error (MAPE)

-2 (

where N is the number of data cases in the data set; y? is the output
of the network for sth data case; t; is the target of the sth data case.

Since the simulation errors namely: SSE (cumulative variance),
MSE (indicator of training process adequacy) and RMSE (index for
model predictive capability) are capable of explaining the variance
in the errors while the MAE & MAPE explain the linearity of the
model. Furthermore, to asses which error is significant in explain-
ing the variance in the data with increasing number of neurons,
the results were subjected to a 2-way ANOVA (error indices-vs-
number of neurons) to determine the most important error indices
that account for the variation due to different number of neurons
in the ANN. The ANOVA computations were performed using soft-
ware, R (version 2.9.0) with decisions made at 95% confidence level.
All ANNs were then ranked for each of the statistically significant
error indices (using the average of individual error index over 1000
training cycles). ‘1’ was assigned to the ANN with the lowest error
index average value and ‘11’ was given to the ANN with the high-
est error index average value. The sum of the rank of each ANN
across the statistically important error indices was then obtained
(termed, gross rank). Subsequently the ANN with the lowest gross
rank was given ‘position 1’ and accepted as the ‘best’ ANN from the
11 member-set.Since the difference between successive Fibonacci
numbers is generally greater than 1 (with exception of the first four
terms of the series), the number of neurons in the ‘best’ ANN from
the above procedure, may require further refinement as detailed in
step 2 to obtain optimum number of neurons to the nearest integer.

Step 2: Given that N is the number of neurons in the ‘best” ANN
from step 1, a new set of networks would be constructed such that
the number of neuronsisx,x+1,x+2,...N,N+1,N+2,...zwhere
x and z are the adjacent (before and after respectively) Fibonacci
numbers to N. Training and performance evaluation of the ANNs
were also carried out as explained in step 1 (with 100 cycles of
training for each network), followed by the selection of an updated
‘best” ANN.

Step 3: After deciding the optimum number of neurons (N°Pt)
with the aid of ‘best’ ANN from step 2 to describe the data, the choice
of ANN architecture is an important step in the modeling exercise.
The total number of ANN (Sann ), for N°Pt neurons distributed over
h hidden layers is given by

¥ —ts
ts

x 100) % (6)

fOl'h=1,SANN=]
fOl'h=2, SANN=N0pt—1
for h > 3, Sann = (NPt + 1 — h) + (NPt 4 1 — h)(NOPt — h)

and for instance the combinations of two and three hidden-layer
networks are obtained as shown in Tables 1a and 1b respectively.
While it is possible to use 1 ANN with a single hidden layer to secure
a reliable relationship between the input-output variables, the
possible reduction in various error indices that may arise from dif-
ferent ANN architecture with N°P! neurons from step 2 was further
explored. This allows the ANN to capture higher-order statistics
such as interaction between different hidden layers and other sys-
tem nonlinearities [19,21]. We, however, note that the total number
of optimum neurons between input-to-output would not vary with
number of hidden layers in the ANN. Thus, the N°Pt obtained in step
1 for the single hidden layer is still valid for the multi-hidden layer
ANN with the same input-output characteristics [22]. Specifically,

Table 1a
Two hidden layer ANNs (h =2 for this architecture).

First hidden layer Second hidden layer

1 [N°Pt—(h—1)]
2 [NoPt — (h)]
3 [N°PE—(h+1)]
iNOP‘ —(h+1)] 3
[NoPt — (h)] 2
[NoPt — (h—1)] 1

Table 1b

Three hidden layer ANNs (h=3 for this architecture).

First hidden layer Second hidden layer Third hidden layer

1 1 [N°P — (h—1)]
1 2 [NOPE — ()]

1 : [N°Pt — (h+1)]
1 : [N°Pt — (h+2)]
1 : :

1 [NOPt — (h+1)] 3

1 [No%t — ()] 2

1 [NOPt — (h—1)] 1

2 1 [NePt —(h)]

2 2 [NO%t — (h+1)]
2 [NoPt — (h+2)]
2

2 : :

2 [NOPt — (11 +2)] 3

2 [NO¥t — (h+1)] 2

2 [No%t ()] 1

3 1 [NOPt — (h+1)]
3 2 [NOPt — (R +2)]
3 : [N°Pt — (h+3)]
3

3 : :

3 [No¥t _ (h+3)] 3

3 [No¥t — (h+2)] 2

3 NPt — (h+1)] 1

NPt (h—1)] 1 1

N°Pt neurons were distributed over ANNs with different hidden lay-
ers and the new set of ANNs was then assessed with the data pool
to secure members with the least error indices.

2.3. Relative importance of input variables

The weights of the optimal ANN model can be used to derive
the relative importance of propane steam reforming and CO, car-
bon gasification with respect to CHg4, Hy and CO yield. Garson [23]
proposed a method which has been widely used [22,24,25] for eval-
uating the relative importance of each input variable in a single
hidden layer ANN via the connection weight for the ith variable to
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Fig. 2. A multilayer feedforward neural network with three hidden layers.

the output is given as:

Nh1 Il h10 n Th1
cwlo — 2ot (Wi Wi DD iy Wiy | 7

is n
n N, Ih1 | 10,h1 } : Ih1
Zi:l Zm’:]ﬂwim HWmsol)/ IW,‘m |

i=1

where I, h1 and o represents input, hidden, and output layers
respectivelyandi=1,2,...,n(number of neurons in the input layer,
i.e. number of variables), m=1, 2, ..., Ny; (number of neurons in
hidden layer), s=1, 2, ..., No (number of neurons in output layer)
and w is the raw weights between layers.

However, the direction (i.e. detrimental or enhancement effect)
of the input variable’s influence on the output is not explicitly
accommodated for. Moreover, it tends to assign more prominent
role to the connection weights between the hidden to output layer
than between the input to hidden layer. Alternatives to the eval-
uation of the importance of input variables have been proposed
[10,26,27] in order to minimize these drawbacks and improve
the learning rate of the neural network. Olden et al. [27] pro-
posed a connection weight method (CWM) and compared it against
other evaluative techniques such as the Garson, partial derivatives,
input perturbation, sensitivity analysis, forward stepwise addition,
backward stepwise elimination and improved stepwise selection
methods and concluded that the CWM is significantly more accu-
rate in procuring the relative importance between input-to-output
than all others. An advantage of the CWM is that the results indicate
whether an input variable has a detrimental or favorable influ-
ence with respect to the output. The connection weights (CW) for
a typical three hidden layer model (as shown in Fig. 2) are given
by equations 8, 9 and 10 for; inputs and 2nd hidden layer, inputs
and 3rd hidden layer and over all connection weights between the
inputs and output respectively:

Np1
1h2 _ Ih1,,,h1h2
Wig™ = § Wim Wing (8)
m=1

Npa

Ih3 _ 1h2,,,h2h3
awy = E CW;q Wi (9)
q=1

Nps3

lo _ E Ih3,,,h30
Wis = CW;." Wi
r=1

where I, h1, h2, h3 and o represents input, 1st hidden, 2nd hidden,
3rd hidden and output layers respectively andi=1, 2, ..., n (num-
ber of neurons in the input layer which is same as the number of
variables); m=1,2,...,Np; (number of neurons in 1st hidden layer);
q=1, 2, ..., Ny (number of neurons in 2nd hidden layer); r=1, 2,
..., Np3 (number of neurons in 3rd hidden layer); s=1, 2, ..., No
(number of neurons in output layer).

(10)

3. Results and discussion
3.1. Selection of optimum number of neurons

The 34 data cases (cf. Table A1 of Appendix A) were analyzed via
ANN implementation for forced cycling operation between propane
steam reforming and CO, carbon gasifier. The optimum number
of neurons required in the hidden layer(s) of the ANN model that
can achieve significant model accuracy is carried out by training 11
single hidden layer feed-forward ANNs. These networks were dis-
tinguishable by the number of neurons in the hidden layer namely:
1,2,3,5,8,13,21, 34,55, 89 and 144 which belongs to the Fibonacci
series. The average SSE, MSE, RMSE, MAE and MAPE for each net-
work with varying number of neurons was calculated following the
procedure detailed in step 1-3 of Section 2.2.

The analysis of variance of SSE, MSE, RMSE, MAE and MAPE
against different networks (i.e. against total number of neurons in
the hidden layer) revealed that only SSE and MAE are significant (as
shown in Table 2a). The network model with 5 and 8 neurons in the
hidden layer ranked first based on the significant errors as shown
in Table 2b and the corresponding parity plots for these models are
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2-way ANOVA of error indices against neurons.
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Error index Degrees of freedom Sum of squares Mean square F-value Probability (%)
SSE 1 192741 192741 202.5414 7.524 x 10704
MSE 1 NA NA NA >100
RMSE 1 51.2 51.2 0.5384 49.075
MAE 1 869.7 869.7 9.1390 2.330
MAPE 1 0.9 0.9 0.0096 92.533
Residuals 6 571.0 95.2
NA—The values are not available for MSE because the probability value is greater than 100% which is physically inadmissible.
Table 2b
Ranking of networks based on 2-way ANOVA.
ANN Error indices Error index based Gross rank Position of
ranking gross rank
Number of neurons in SSE MAE SSE MAE
hidden layer
1 2.762103 0.132121 3 5 8 3
2 2.905645 0.129348 4 4 8 3
3 3.048169 0.135167 5 6 11 6
5 2.410055 0.090595 1 2 3 1
8 2.562908 0.090213 2 1 3 1
13 4.432908 0.110623 6 3 9 5
21 10.12715 0.170215 7 7 14 7
34 20.35969 0.238841 8 8 16 8
55 36.7802 0.30835 9 9 18 9
89 45.60238 0.335051 10 10 20 10
144 54.28943 0.361181 11 11 22 11

shown in Fig. 3a and b respectively. In fact the errors were on a run-
away trajectory from 8 neurons (cf. in Table 2b) supports the theory
stated by Barron [20]. As a result, N=8 with x=5 and z=13 were
used in further refinement of the selection of N°Pt as previously
discussed.

The implementation of step 2, requires that x=5 and z=13,
resulting in 9 new ANNs with different number of neurons, in the
single hidden layer, viz; 5, 6, 7, 8, 9, 10, 11, 12, and 13. A 2-way
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Fig. 3. (a) Predicted vs experimental values for single-hidden layer (5 neurons) ANN
model. (b) Predicted vs experimental values for single-hidden layer (8 neurons) ANN
model.

ANOVA of the ANNs (9) vs error index (5) (cf. in Table 3a) revealed
that SSE, RMSE and MAPE were the only statistically significant
error indices. Further treatment confirmed that the ANN with 5
neurons would be the ‘best’ choice (as shown in Table 3b). The
relevant parity plot is illustrated in Fig. 4.

3.2. Optimization of the ANN architecture

With N°Pt=5 neurons, a new set of ANNs of 1-, 2-, 3- and 4-
hidden layers were derived as detailed in step 3 resulting in 15
ANNSs distributed as 1 single-hidden layer ANN, 4 two-hidden layer
ANNSs, 6 three-hidden layer ANNs and 4 four-hidden layer ANNs.
The optimal ANN model with 3 and 2 neurons in the 1-and 2-hidden
layer respectively had the minimum performance index for all the
errors (SSE=0.6589, MSE=0.0064, RMSE =0.0803, MAE =0.0585,
MAPE = 24.47). The parity plot for this model is also shown in Fig. 5.
Individual parity plots for the optimum ANN model for H,, CH4 and
COyield are depicted in Figs. 6-8 respectively. It may be seen from
Figs. 5-8 that the optimum ANN has learned the forced cycling pro-
cess sufficiently well and can be used as predictive model for further
optimisation of the process.
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Fig. 4. Predicted vs experimental values for single-hidden layer (5 neurons) ANN
model.
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Table 3a
2-way ANOVA of error indices against neurons.

Error index Degrees of freedom Sum of squares Mean square F-value Probability (%)
SSE 1 4.481 4.481 6.8173 5.9358
MSE 1 NA NA NA >100
RMSE 1 44.394 44.394 67.5340 0.1195
MAE 1 3.924 3.924 5.9689 7.0969
MAPE 1 4571 4571 6.9539 5.7760
Residuals 4 2.629 0.657
NA—The values are not available for MSE because the probability value is greater than 100% which is physically inadmissible.
Table 3b
Ranking of networks based on 2-way ANOVA.
ANN Error indices Error index based ranking Gross rank Position of
. gross rank
Number of neurons in SSE RMSE MAPE SSE RMSE MAPE
hidden layer
5 1.809411 0.133189 94.68261 1 1 1 3 1
6 1.88605 0.13598 95.76902 2 2 3 7 2
7 32.43063 0.563868 95.01077 9 9 2 20 7
8 3.803123 0.193095 113.7054 6 6 5 17 6
9 3.456277 0.184079 116.2629 5 5 6 16 5
10 2.385958 0.152944 112.9745 3 3 4 10 3
11 2.590865 0.159376 117.404 4 4 7 15 4
12 4.093159 0.200322 138.2391 8 8 8 24 9
13 4.061389 0.199543 142.0007 7 7 9 23 8
1
0.9 ~ "
0.84
0.7 . -
‘g" ‘é— 06- " L -
-] 5 0.5 . =
o O 0.4 - =
0.3 . .
0.2 P
0.14 .
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Target Target

Fig. 5. Predicted vs experimental values for two-hidden layer (5 neurons) ANN
model.

3.3. Interpretation of optimum ANN model

The weights from the optimum model (1-hidden layer: 3
neurons and 2-hidden layer: 2 neurons) were used to obtain
a relationship between propane steam reforming period and
CO, gasification period to H,, CH; and CO yield by employ-
ing connection weights method (CWM) and the results are
schematically represented in Fig. 9. It is evident from Fig. 9
that cycle split (~+85%) played a more important and positive
role than cycle period (~-15%) in both H, and CO produc-
tion. However, they have almost equal but opposite roles in
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Fig. 6. Predicted (output) vs experimental (target) H, yield for the optimum ANN
model.

Fig. 7. Predicted (output) vs experimental (target) CH4 yield for the optimum ANN
model.
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Fig. 8. Predicted (output) vs experimental (target) CO yield for the optimum ANN
model.
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Fig. 9. Influence of cycle period and split on H,, CH4 and CO yield.
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the determination of CH4 yield. In particular, cycle period has
only a mild detrimental effect on H, and CO yield. During the
propane steam reforming section of the period, carbonaceous
deposition simultaneously took place with H, and CO production
via:

2 _
CgHg +XH20 — xCO —+ (X+123<XB) Hz

+ (3%‘) CeHi (11)

where the composition of the carbon residue, CxHi_y, (0<x<1)
on the catalyst surface depends on the steam:propane
ratio used. However, CHy, H, and CO are all produced in
the CO,-rich section of the period due to the gasification
of the carbonaceous (CyHi_y) surface layer, in accordance
with:

9x — 1 9x —1 1—x
CeHy_ + (T) o, — (T) co+( . )Hz

+ (%) CHa (12)

Thus, the cycle split, s, will have a positive influence on the syn-
thesis rates of both H, and CO since they are produced in both
sections of the cycle period, whereas an increase in the cycle period
will increase the amount of carbon deposition during propane
steam reforming and the propensity for further dehydropolycon-
desation of the CxHq_y species to less reactive graphitic carbon
(by aging) will reduce active metal site density and hence cata-
lyst activity. This will result in the overall decrease in CHy4, Hy
and CO yield (cf. Eq. (12)). The findings in Fig. 9 are consistent
with these considerations. In particular, the ANN model may be
used to predict the optimum cycle split and period by varying the
numerical values of the appropriate connection weights for the
individual species to achieve maximum H; and CO with minimum
CHy. This is the inverse-problem to the development of the neural
network model and the objective of a forthcoming paper on the
ANN-based optimisation of the forced cycling propane reforming
reactor.

4. Conclusions

In this study a systematic approach of selecting optimum
number of neurons and number of hidden layers was employed
which resulted in an ANN ensemble of significant model accu-
racy. This study shows that even for a highly nonlinear process
like propane steam reforming using periodic operation, an arti-
ficial neural network can be used for the input-output mapping
to determine the underlying relationship between the parame-
ters and the yield. This neural network learning experience can
be used further to predict targets for entirely unknown data and
the analysis of these targets can result in the optimization of the
process.
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Appendix A.

See Table Al.

Table A1
Experimental data used for ANN modeling.
Propane CO, %Ho %CHy4 %CO
reforming regeneration
time (min) time (min)
9 1 0.00549 0.004998 0.018588
7 3 0.021067 0.02545 0.047441
5 5 0.049741 0.049611 0.073705
3 7 0.137114 0.125923 0.064275
1 9 0.186695 0.170641 0.067945
18 2 0.002548 0.00217 0.012141
14 6 0.012411 0.017563 0.047144
10 10 0.068403 0.074939 0.060529
6 14 0.092105 0.116938 0.059046
2 18 0.177772 0.167793 0.051889
27 3 0.002364 0.000833 0.005421
21 9 0.069346 0.03331 0.011938
15 15 0.141024 0.078164 0.062252
9 21 0.181516 0.134048 0.051759
3 27 0.277339 0.177188 0.05919
36 4 0.002003 0.000447 0.004709
28 12 0.063398 0.026837 0.012165
20 20 0.12514 0.075087 0.066714
12 28 0.201335 0.112915 0.060256
4 36 0.250274 0.160534 0.064235
45 5 0.000431 8.6E-05 0.002695
35 15 0.06794 0.02686 0.01115
25 25 0.122886 0.050432 0.070329
15 35 0.178591 0.074724 0.060296
5 45 0.233703 0.148514 0.069956
54 6 8.31E-05 7.61E-06 0.001387
42 18 0.070614 0.037756 0.000542
30 30 0.140905 0.053361 0.071263
18 42 0.125117 0.075202 0.067289
6 54 0.228405 0.110984 0.086538
1 1 0.08445 0.042612 0.082265
2 2 0.108088 0.052359 0.063117
3 3 0.109289 0.061124 0.071712
4 4 0.114856 0.051043 0.078919
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